In this paper, we discuss a construction method of quantum deletion error-correcting codes. First of all, we define deletion errors for quantum states, an encoder, a decoder, and two conditions which is expressed by only the combinatorial language. Then, we prove that quantum deletion error-correcting codes can be constructed by two sets that satisfy the conditions. In other words, problems that correct the deletion errors for quantum states are reduced to problems that find the sets satisfying the condition by this paper. Also, we performed experiment of the codes over IBM Quantum Experience.
Introduction
In the classical coding theory, deletion error-correcting codes have been studied for synchronization error-correction of communication since the pioneer work of Levenshtein in 1966 [9] . These codes have interesting applications such as error-correction for DNA storages [2] , error-correction for racetrack memories [4] , etc.
In the quantum coding theory, there are some well-known codes such as CSS codes [3] , stabilizer codes [6] , surface codes [5] , etc. However, these codes cannot correct deletion errors. Therefore, in this paper, we discuss the construction of quantum deletion error-correcting codes. Here deletion errors for quantum states are errors corresponding to the case where a part of photons which a sender transmitted do not reach to a receiver or where quantum states disappear by the energy decays.
Recently a few papers about quantum deletion error-correcting codes have been published. In the paper [8] , quantum insertion-deletion channels are introduced and in the papers [11] and [7] , two types of quantum deletion codes are constructed.
In this paper, we define an encoder and a decoder for given sets A, B ⊂ {0, 1} n and provide two combinatorial conditions for A and B that make the image of the encoder single quantum deletion error-correctable. The codes in the paper [11] and [7] are the specific instances.
This paper is organized as follows. In section 2, some notations and definitions are introduced, and in section 3, the deletion error for a quantum state is defined. In section 4, an encoder, a decoder, and two conditions (C1) and (C2) for sets A, B ⊂ {0, 1} n are defined. In section 5, the sets A, B satisfying the conditions (C1) and (C2) are introduced. In section 6, a circuit of an encoder and a decoder are created over IBM Quantum Experience [1] that is indicated in [7] and experiments were performed. Finally this paper is summarized in section 7.
Partial results have been presented at Japanese domestic workshop in Japanese [10] .
Preliminaries
Let n be an integer greater than or equal to 2 and [n] := {1, 2, . . . , n}. For a square matrix A over a complex field C, Tr(A) denotes the sum of the diagonal elements of A. Set |0 , |1 ∈ C 2 as |0 := (1, 0) T , |1 := (0, 1) T , and |x as |x := |x 1 ⊗|x 2 ⊗· · ·⊗|x n for a bit sequence x = x 1 x 2 · · · x n ∈ {0, 1} n . Here ⊗ is the tensor product operation and T is the transpose operation. We denote by S(C 2⊗n ) the set of all density matrices of order 2 n . A density matrix is employed to represent a quantum state. In a particular case n = 1, we call σ ∈ S(C 2 ) a quantum message.
Definition 1 (partial trace Tr i ). Let i ∈ [n] be an integer. Define a function Tr i : S(C 2⊗n ) → S(C 2⊗n−1 ) as
x,y∈{0,1} n a x,y |x 1 y 1 | ⊗ · · · ⊗ |x n y n | .
The map Tr i is called the partial trace.
Definition 2 (projection measurement P). A set P := {P 1 , . . . P m } of complex matrices P 1 , . . . P m of order 2 n is called a projection measurement if and only if every P i is a projection matrix and
where I is the identity matrix of order 2 n . If we perform the projection measurement P under a quantum state ρ ∈ S(C n ), the probability to obtain an outcome k ∈ [m] is Tr(P k ρ), and the state associated with k after the measurement ρ is ρ := P k ρP k Tr(P k ρ) .
Single Deletion Errors
In this section, we define a single deletion error for a quantum state. Remark that in the classical coding theory, a single deletion error is defined as a map from a bit sequence x 1 . . . where ρ ∈ S(C 2⊗n ) is a quantum state. We call the map D i a deletion error.
Construction of Quantum Deletion Error-Correcting Codes
In this section, we define an encoder and a decoder and propose two conditions for two sets of bit sequences. Afterwards, we discuss the construction of the quantum deletion error-correcting codes. where σ := |ψ ψ| ∈ S(C 2 ) is a quantum message with a unit vector |ψ := α |0 + β |1 ∈ C 2 and
Definition 6 (conditions (C1) and (C2)). For non-empty sets A, B ⊂ {0, 1} n , define two conditions (C1) and (C2) as follows.
(C1 distance condition):
(C2 ratio condition): For any i 1 , i 2 ∈ [n] and any b ∈ {0, 1},
Lemma 7. Let A, B ∈ {0, 1} n be non-empty sets satisfying the conditions (C1) and (C2). Define (a 0 , b 0 ) := ( |A| gcd(|A|,|B|) , |B| gcd(|A|,|B|) ). Then the output P of Algorithm 1 is a projection measurement. Here gcd(|A|, |B|) is the greatest common divisor of |A| and |B|.
Proof. By the condition (C2),
if the step at 2: in Algorithm 1 holds. Similarly, we can take a 0 + b 0 distinct elements
if the step at 5: in Algorithm 1 holds. Note that x t |y s = 0 follows from the condition (C1). Hence, by the definitions of P 1 , . . . , P p−1 , it is clear that these matrices are projection matrices, where p := |P|. It is also trivial that P ∈P P = I holds due to the definition of P p . Let holds. Therefore P is a projection measurement.
Definition 8 (error-correcting operator U k ). For non-empty sets A, B ⊂ {0, 1} n satisfying the conditions (C1) and (C2) and a projection measurement P that is constructed by Algorithm 1, we can choose a unitary matrix U k which satisfies the followings for 1 ≤ k ≤ |P|:
We call the matrix U k an error-correcting operator.
Definition 9 (decoding algorithm Dec A,B ). Let A, B ⊂ {0, 1} n be non-empty sets satisfying the conditions (C1) and (C2) and P a projection measurement which is constructed by Algorithm 1. Define a function Dec A,B : S(C 2⊗n−1 ) → S(C 2 ) as a map which assigns ρ ∈ S(C 2⊗n−1 ) to σ ∈ S(C 2 ) which is constructed by the following procedure.
1. Perform the projection measurement P under the state ρ . Assume that the outcome is 1 ≤ k ≤ |P| and that the state after measurement is ρ k .
Letρ
Here U k is the error-correcting operator.
3. At last, return σ := Tr 1 • · · · • Tr 1 n−2 times (ρ).
Theorem 10. Let A, B ⊂ {0, 1} n be non-empty sets satisfying the conditions (C1) and (C2). Then for any quantum message σ ∈ S(C 2 ) and any deletion position i ∈ [n],
Here the symbol • represents the composition of functions. In other words, Enc A,B (S(C 2 )) is a single quantum deletion error-correcting code with the decoder Dec A,B .
Proof. For a quantum message σ := |ψ ψ| with a unit vector |ψ = α |0 + β |1 ∈ C 2 , set ρ as ρ := Enc A,B (σ).
(1)
Then for any i ∈ [n], D i (ρ) is rewritten as
|y ỹ| .
Let P = {P 1 , P 2 , . . . , P p } be the projection measurement constructed by Algorithm 1. By the definition of P p ,
where O is the zero matrix. In addition, for any i ∈ [n] and any k ∈ [p − 1], the following equation holds. Here P k is denoted as
Therefore in the case where k = p, Tr(P k D i (ρ)) = 0 holds for any i ∈ [n] and in the case where k ∈ [p − 1], there exists b ∈ {0, 1} such that
holds for any i ∈ [n]. Hence for k ∈ [p − 1] such that Tr(P k D i (ρ)) = 0,
and the state after the measurement is
where λ := gcd(|A|, |B|) and
Note that |Φ k can be rewritten as
From the discussion above, for any quantum message σ ∈ S(C 2 ) and any deletion position i ∈ [n],
holds.
Examples of Quantum Deletion Error-Correcting Codes
In this section, we introduce two instances of sets A, B ⊂ {0, 1} n that satisfy the conditions (C1) and (C2).
Example 1 (4 qubits code [7])
Let n := 4, A := {0000, 1111}, and B := {0011, 0101, 1001, 0110, 1010, 1100}.
Then for any i ∈ [4] ,
Therefore for any i 1 , i 2 ∈ [4] and any b 1 , b 2 ∈ {0, 1},
thus A and B satisfy the condition (C1). Moreover for any i 1 , i 2 ∈ [4] and b ∈ {0, 1},
Consequently A and B satisfy the condition (C2). This code has two interesting properties. One is that the cardinalities of A and B are different. Thereby the code can be expressed by neither any CSS codes [3] nor any stabilizer codes [6] . The other is that the length of the code is 4. In the paper [7] , it is proved that the minimum length of the code capable of correcting any single deletion errors is 4.
Example 2 (8 qubits code [11])
Let n := 8,
The tables 1 and 2 show ∆ i,b (A) and ∆ i,b (B) for all i ∈ [8] and b ∈ {0, 1}. By these tables, it is easy to see that A and B satisfy the conditions (C1) and (C2).
The interesting point of this code is that the states after single deletion errors may be different depending on the deletion positions. Furthermore the different states are not even orthogonal (e.g., D 1 (Enc A,B (σ) ) and D 2 (Enc A,B (σ) ) are not orthogonal). However, this code is also a quantum deletion error-correcting code. 
Implementation over IBM Quantum Experience
In the paper [7] , circuits of an encoder and two decoders are constructed. We implemented the encoder and the decoder on IBM Q and did experiments to see if the quantum deletion error-correcting codes work on the real quantum computer. The figure 1 shows the circuit on IBM Q. The circuit before the symbol in the figure represents the encoder circuit, the circuit after is the decoding circuit, and we express the deletion error D 1 by not using the first qubit right after encoding.
Experimental Results
The table 3 shows the percentages that the outcomes 0 and 1 obtained on the simulation and the quantum computer for three types of states |0 , |1 , and 1 √ 2 (|0 + |1 ). By the simulation results, it is proved that the circuit we created on IBM Q works correctly. However, the results by the quantum computer indicates that error-correcting fails with 30 ∼ 35%.
Qubits in the quantum computer on IBM Q are arranged in a twodimensional form and it is not possible to operate two nonadjacent qubits simultaneously. Therefore operations of two nonadjacent qubits are transformed into combinations of operations of two adjacent qubits. It causes the increase of the number of total quantum gates. It is known that the more the gates increase, the more errors occur. Hence the future work is to redesign the circuit to reduce the number of gates.
Summary
In this paper, we discussed the quantum deletion error-correcting codes. First of all, we defined the deletion errors for quantum states by using the partial trace operations. Since taking partial trace for a density matrix corresponds to expressing the state of its subsystem, it is natural that a deletion error is defined by using the partial trace.
In section 4, we defined the encoder, decoder, and the conditions (C1) and (C2) for sets A, B ⊂ {0, 1} n , and proved that quantum error-correcting codes for single deletion errors can be constructed by employing the sets A, B ⊂ {0, 1} n which satisfy the conditions (C1) and (C2). In addition, we introduced two kinds of examples satisfying the conditions (C1) and (C2) in section 5.
In section 6, we created the encoder and decoder circuit on IBM Q which is shown in the paper [7] . As the experimental results, we found that there are 30 ∼ 35% miscorrections on the quantum computer. This is due to the increase of quantum gates so that redesigning the circuit is the future work.
Algorithm 1 1: Input: A, B ⊂ {0, 1} n . Output: P = {P 1 , . . . , P j }. 2: j := 1, P := ∅.
, and define the followings: Table 3 : Theoretical values and experimental values for three types of initial states
